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We construct self-gravitating razor-thin disks of counterrotating dust around Schwarzschild black
holes (BHs) by applying the “displace, cut, and reflect” method to known seed solutions representing
multiholes. All but one of the sources of the seed solution generate the surrounding annular disk,
whereas the remaining BH is kept unaltered and lies at the disk center after the transformation.
The disks are infinite in extent, have annular character, and are linearly stable up to the innermost
stable circular orbit of the system. Moreover, all energy conditions are satisfied along the disk and
the spacetime is asymptotically flat, having finite ADM mass. We also comment on charged disks
around extremal Reissner-Nordstro¨m BHs constructed from a Majumdar-Papapetrou N -BH seed
solution. These simple examples can be extended to more general “BH + disk” solutions, obtained
by the same method from seeds of the type “BH + arbitrary axisymmetric source”. A natural
follow-up of this work would be to construct disks around Reissner-Nordstro¨m BHs with arbitrary
charge-to-mass ratio and around Kerr BHs.
I. INTRODUCTION
It is now widely accepted that black holes (BHs) are
ubiquitous in nature; moreover, recent gravitational-
wave detections of binary BH mergers [1, 2] and obser-
vations of the shadow of the central BH of M87 [3] con-
firmed with great precision that they behave as predicted
by general relativity. It is also a paradigm that BHs are
generally surrounded by accretion disks. However, these
disks are usually treated as test fluids [4–8]; it is clear
that, in order to take into account the disk’s self grav-
ity, we must deal with distorted BH fields [9]. Many
efforts have been made in this direction, particularly in
the quest for exact solutions of Einstein’s field equations
representing razor-thin disks [10–24] and “BH + razor-
thin disk” structures [25–35]. Charged disks around ex-
tremal Reissner-Nordstro¨m (R-N) BHs are also recently
getting attention [23, 36, 37]. Also, the dynamics of test
particles in these systems was widely studied [22, 28, 37–
42]. Therefore, in addition to their important theoretical
interest, exact “BH + disk” solutions of Einstein’s field
equations became a crucial tool to understand the ef-
fects of the accretion-disk self gravity around astrophys-
ical BHs.
We present in this work a new family of exact solu-
tions of Einstein’s field equations representing annular
razor-thin disks around Schwarzschild BHs. The method
presented here provides a simple procedure to construct
these composite systems once we have an adequate seed
solution representing a Schwarzschild BH plus an arbi-
trary external axisymmetric source. It also allows us to
construct charged disks around extremal R-N BHs.
Section II gives a brief overview of the formalism used
to construct the “BH + disk” systems. Section III
presents the central result of the paper: the construction
of annular razor-thin disks around Schwarzschild BHs via
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multihole seed solutions. Section IV briefly comments on
the extreme R-N case. We present our conclusions in
Section V.
II. RAZOR-THIN DISKS FROM SEED
SOLUTIONS
Let us assume we have spacetime composed of a BH
plus an external axisymmetric source, represented by the
Weyl metric
ds2 = −e2ψ dt2 + e−2ψ [ e2γ( dρ2 + dz2 ) + ρ2dϕ2 ] , (1)
which we will denominate a “seed” solution. Interpreting
z as a “vertical” coordinate, we may apply a Kuzmin-
like transformation [43] to the metric functions of the
seed solution in order to obtain a razor-thin disk source,
meaning a delta-like distributional source on the sym-
metry plane of the new system. This procedure is of-
ten called the “displace, cut, and reflect” (DCR) method
[18, 20, 21, 24, 44] and consists of making the transfor-
mation
z → |z|+ λ (2)
to the metric functions ψ and γ, with λ > 0. As we
will see, we can construct self-gravitating disks around a
central Schwarzschild BH by a suitable choice of the seed
solution and of the DCR parameter λ.
The necessary formalism to deal with relativistic razor-
thin disks is the theory of distributional sources with
support on timelike spacetime hypersurfaces [21, 22, 24,
26, 45]. The stress-energy tensor is written as Tµν =
Qµν δˆ(z) +D
µ
ν , where δˆ(z) = δ(z)/
√
gzz is the covariant
delta distribution in curved spacetimes [21, 22], Qµν is
the disk’s stress-energy tensor, and Dµν represents the
smooth matter-energy content of the spacetime (such as
a halo or a thickened disk, for instance). The form of
the metric allows us to write Qµν = diag(−σ, Pρ, Pϕ, 0),
the proper surface energy density σ and the princi-
pal pressures Pρ (radial) and Pϕ (azimuthal) of the
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2FIG. 1: The DCR method applied to a N = 3 rod solution (Section III); we choose L1 = 2m1 in order to have a Schwarzschild
BH as the highest seed source (see text). The system’s field lines are drawn in gray. The first step is to “displace” the z-
coordinate by an amount λ = Z1 (left panel). We then “cut” the spacetime at z = λ = Z1 such that the highest Schwarzschild
rod is cut in half. We keep the upper part of the spacetime (middle panel) and “reflect” it with respect to the horizontal black
line (right panel). The result is a Schwarzschild BH of mass m1 (represented by the vertical rod) surrounded by an annular
razor-thin disk (represented by the horizontal black line). The procedure is equivalent to apply the DCR transformation (2) to
the seed metric of Section III, with λ = Z1.
disk. It is worth noting that, when we consider the
covariant delta distribution δˆ, the formalism gives us,
in a self-consistent manner, the “physical” (or “true”)
stress-energy tensor Qµν of the disk [21, 22] without
the need to differentiate between the “formal” and the
“true” stress-energy tensors mentioned for instance in
[14, 15, 18, 20, 21, 26, 35, 44].
In terms of the metric derivatives, the surface density
σ and azimuthal pressure Pϕ of the disk are written as
[22]
σ =
eψ−γ
4pi
(
2
∂ψ
∂|z| −
∂γ
∂|z|
) ∣∣∣∣∣
z=0
, (3)
Pϕ =
eψ−γ
4pi
∂γ
∂|z|
∣∣∣∣∣
z=0
. (4)
Static razor-thin disks described by a Weyl metric have
radial pressure Pρ = 0, and therefore are made of coun-
terrotating dust [10, 24, 26, 46, 47]. Moreover, the DCR
procedure keeps unaltered the “upper” part of the seed
spacetime, above the disk; the stress-energy tensor of the
upper part is preserved, as well as any singularities/black
holes. These structures are then reflected to the “lower”
part of the new spacetime, below the disk. The proce-
dure is illustrated in Fig. 1 for the N -rod solution [48]
mentioned in Section III.
III. ANNULAR DISKS AROUND
SCHWARZSCHILD BHS
We consider as seed the “N collinear Schwarzschild
BHs” solution [49] or, more generally, the “N collinear
Weyl rods” solution [48]. The metric has the Weyl form
(1) with functions ψ and γ given by [48]
ψ(ρ, z) =
N∑
i=1
ψi(ρ, z) , (5)
where
ψi(ρ, z) =
mi
Li
log
[
R+i +R
−
i − Li
R+i +R
−
i + Li
]
, (6)
and
γ(ρ, z) =
N∑
i=1
N∑
j=1
mimj
Li Lj
log
[
E+−i j E
−+
i j
E++i j E
−−
i j
]
, (7)
with
E±±i j = R
±
i R
±
j + z
±
i z
±
j + ρ
2 . (8)
Here,
R±i =
√
ρ2 + (z±i )2 (9)
and
z±i = z −
(
Zi ∓ 1
2
Li
)
. (10)
3The function ψ represents the gravitational potential of
N one-dimensional rods of length Li and mass mi along
the z-axis, with center at at z = Zi [48]. We order the
Zi such that Zi − Li/2 > Zj + Lj/2 if i < j, meaning
that there will be no intersection between the rods. They
will have Z1 > Z2 > ... > ZN , in such a way that the
rod labeled by the index 1 will be at highest z among all
sources. When Lk = 2mk, the k-th Weyl rod reduces to
a Schwarzschild BH of mass mk [48, 49].
The case λ > Z1 generates a disk-only solution and
was treated in [13]. The case Z2 < λ < Z1 generates two
equal-mass BHs with a disk in their mid-plane; however,
the DCR method will, in general, preserve a “strut” [49,
50] connecting the two BHs (and therefore crossing the
disk). We regard this solution as unphysical.
In order to construct annular disks around
Schwarzschild BHs, let us consider the N -rod seed
solution presented above, with L1 = 2m1 in such a way
that the first rod is a Schwarzschild BH with mass m1
(we assume Z1 > 0). If we choose the DCR parameter
as λ = Z1, the resulting spacetime will be composed
of a Schwarzschild BH of mass m1 surrounded by a
razor-thin disk generated by the other (N − 1) sources
of the seed solution, as shown below.
Intuitively, the DCR method will preserve the upper
part of the rod, source of the seed potential ψ1, and
reflect it with respect to the horizontal plane, generat-
ing in the DCR-transformed spacetime an equal rod but
now encircled by a razor-thin disk (see Fig.1). This rod
will then be a Schwarzschild BH of masss m1. Indeed,
putting λ = Z1, the term ψ1 will be a function of the
sum R+1 +R
−
1 , where
R±1 =
√
ρ2 + (z±1 )2 (11)
and
z±1 = |z| ∓
1
2
L1 (12)
after the DCR transformation. If z ≥ 0 we have the
usual Schwarzschild field. Now, if z < 0, we have
z±1 = −z ∓ 12L1, in such a way that (z±1 (−z))2 =
(z∓1 (z))
2 and thus R±1 (ρ,−z) = R∓1 (ρ, z). There-
fore R+1 (ρ,−z) + R−1 (ρ,−z) = R−1 (ρ, z) + R+1 (ρ, z) and
ψ1(ρ,−z) = ψ1(ρ, z). It follows that ψ1 is smooth in the
whole region outside the resulting rod and is correctly
identified with the field of a Schwarzschild BH of mass
m1. Moreover, the other functions ψi, i > 1, will con-
tain linear terms in |z| when expanded around z = 0.
They give, in this way, a direct contribution to the disk’s
stress-energy tensor, according to Eqs. (3)–(4).
Although the explicit expressions for the surface den-
sity and azimuthal pressure of the disk are too lengthy
to be presented here, they can be obtained straightfor-
wardly from the DCR procedure, Eq. (2), applied to the
seed metric functions ψ and γ (5)–(10), by means of ex-
pressions (3)–(4). The disk’s surface density σ always
vanishes at the event horizon (σ(0) = 0 in Weyl coordi-
nates) and the azimuthal pressure Pϕ satisfies, in general,
Pϕ(0) > 0. The disks have infinite extent; their density
profile goes asymptotically as σ ∼ 1/ρ3 (as in the case of
the classical Kuzmin disk) and their pressure profile as
Pϕ ∼ 1/ρ4. Accordingly, the circular speed of the coun-
terrotating streams [V 2 = Pϕ/σ, see [13, 26, 47]] has a
Keplerian asymptotic profile V ∼ ρ−1/2. We always have
V 2 < 1 outside the marginally stable orbit (see below),
in such a way that the streams are physically plausible
(although we may have V 2 > 1 in regions very close to
the BH, but these regions are not considered as part of
the disk, as explained below). We also note that the an-
nular character of this “BH + disk” solution (σ(0) = 0)
is a purely relativistic effect, being related to the exis-
tence of an event horizon; the corresponding superposi-
tion “monopole + N Kuzmin potentials” in Newtonian
gravity always gives us a positive surface density at the
disk center.
Moreover, the structure of the metric functions guaran-
tees us that the “BH + disk” spacetime is asymptotically
flat. Therefore its ADM mass [51] is finite. It is given by
MADM =
∑N
i=1mi and coincides with the ADM mass of
the seed spacetime. Other definitions for the disk mass
[20, 21] give us a finite total mass for the disk itself.
Since the strong energy condition σ + Pϕ > 0 is satis-
fied along the whole disk, timelike circular geodesics are
always vertically stable according to the definite verti-
cal stability criterion developed in [22], extension of the
Newtonian result [52]. On the other hand, Rayleigh’s
radial stability criterion [53–55] shows us that the disk
has an innermost stable circular (geodesic) orbit (ISCO)
in the presence of the BH. In this “particle” approxima-
tion, the disk may be regarded as linearly stable for radii
larger than the ISCO radius ρISCO. We argue below
that, by an adequate choice of parameters, the disk den-
sity, azimuthal pressure, and the disk’s influence on the
system’s field lines are negligible for radii smaller than
ρISCO. We note that the disk satisfies all energy condi-
tions for ρ ≥ ρISCO.
The simplest solution is the N = 2 case, with L2, m2 >
0, in which the disk is generated by only one seed source
m2. The general picture in this case is of an annular
disk (σ(0) = 0) around a BH of mass m1 with a regular
density profile peaked at ρ > 0. The pressure profile
always has Pϕ(0) > 0 and Pϕ is at least one or two orders
of magnitude smaller than σ.
In order to have a physically plausible disk, we must
guarantee that σ is negligible (in some sense) for ρ <
ρISCO and that Pϕ(0) ≈ 0. However, the N = 2 disk has,
in general, a non-negligible surface density for ρ < ρISCO.
We overcome this issue by considering at least a third
rod in the seed solution, and this rod must have nega-
tive mass m3 < 0 in order to diminish the disk density
near its center (the ordering of the rods will depend on
the situation; the only requisite is that at least one of
the masses must be negative). By choosing adequate
parameters for the negative-mass rod, we can make the
disk’s surface density negligible for ρ < ρISCO and, at
the same time, reduce the azimuthal pressure Pϕ(0) at
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FIG. 2: Top left: surface energy density of the “Schwarzschild BH + disk” system for N = 3, with parameters m1 = 1,
m2 = −0.008, m3 = 0.1, L1 = 2, L2 = 10, L3 = 1, Z1 = λ = 500, Z2 = 485, Z3 = 450. Top right: corresponding azimuthal
pressure. The vertical line in the surface density and azimuthal pressure profiles represents ρISCO. All energy conditions are
satisfied for ρ > ρISCO. Bottom left: field lines of the system up to r ≈ 10. Bottom right: field lines of the system up to
r ≈ 100. Since the ratio m3/m1 is small, the distortion of the field lines is almost imperceptible, happening only very close to
the equatorial plane θ = pi/2. The disk influence can be seen via the field lines which terminate at θ = pi/2.
the disk center to arbitrarily low values. We show ex-
amples of this construction in Figs. 2 and 3 (we consider
m2 < 0 and m3 > 0 for practical purposes).
We also analyze the system’s field lines [56] (the stream
lines of the 4-acceleration aµ = u
ν∇νuµ of a static ob-
server) in the Schwarzschild coordinates (r, θ) given by
ρ =
√
r(r − 2m1) cos θ, z = (r − m1) sin θ. It can be
shown that, for a static observer, aµ = ∂µψ [56]. The
event horizon is located at the hypersurface r = 2m1.
The distortion of the field lines from spherical symme-
try shows the disk influence on the test-particle dynam-
ics; field lines extending up to the equatorial plane rep-
resent the dominant contribution of the disk to the 4-
acceleration of static observers, as we exemplify in Figs. 2
and 3. The disk has influence on the 4-acceleration of
static observers only for radii comparable to (and greater
than) the radius of maximum surface density; near the
BH (r < 10m1 for the disks of Figs. 2 and 3, larger than
the ISCO radius) the distortion from the spherically sym-
metric field lines is negligible.
All the above arguments lead us to the conclusion that
it is a good approximation to neglect the disk contribu-
tion for ρ < ρISCO, considering then an “effective” inner
rim for the disk close to ρISCO. We then justify its an-
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FIG. 3: Same as Fig. 2, but with parameters m1 = 1, m2 = −0.15, m3 = 10, L1 = 2, L2 = 1, L3 = 20, Z1 = λ = 500,
Z2 = 475.53, Z3 = 300. Since we have m3 = 10m1, the disk influence is stronger than in Fig. 2, as we can see in the system’s
field lines. The disk influence is seen via the field lines which terminate at θ = pi/2 and by their distortion from spherical
symmetry.
nular character.
IV. CHARGED DISKS AROUND EXTREMAL
BHS
The formalism presented here can be readily applied
to the Majumdar-Papapetrou-type seed solution of N
collinear extremal R-N BHs [57, 58], each one at posi-
tion Zi along the z-axis with Z1 > ... > ZN . After the
DCR transformation (2) with λ = Z1 > 0, the metric
becomes
ds2 = −U−2 dt2 + U2 (dρ2 + ρ2dϕ2 + dz2) , (13)
where
U = 1 +
M1√
ρ2 + z2
+
N∑
i=2
(
Mi√
ρ2 + ζ2i
)
(14)
and ζi = |z| + Z1 − Zi. The corresponding 4-potential
is Aµ = (1/U, 0, 0, 0) [58, 59]. The system represents an
extremally charged dust disk [σe = σ, see [36]] around an
extremal R-N BH of mass M1. The disk’s surface density
profile (3) has a simple expression given by
σ =
∑N
i=2
Mi(Z1−Zi)
((Z1−Zi)2+ρ2)3/2
2pi
(
1 + M1ρ +
∑N
i=2
Mi√
(Z1−Zi)2+ρ2
)2 . (15)
6It vanishes at the origin of Weyl coordinates (correspond-
ing to the event horizon), σ(0) = 0, and therefore the
disk also has annular character; it also has a σ ∼ 1/ρ3
power-law tail.
We mention that the DCR method can generate a
strut-free equilibrium configuration of two equal-mass ex-
tremal R-N BHs with a charged razor-thin disk in its
mid-plane, by taking Z2 < λ < Z1 in the DCR method.
The BHs will both have mass M1 and will be located at
z = ±(Z1 − λ). If we take instead λ > Z1 we will have a
disk-only solution. The corresponding expressions for the
DCR-transformed metric and for the disk surface den-
sity follow directly from the formalism. In both cases the
disks are infinite in extent and satisfy σ > 0 for ρ > 0.
V. DISCUSSION
We presented in this paper exact solutions of Einstein’s
field equations corresponding to Schwarzschild BHs sur-
rounded by annular, counterrotating razor-thin disks of
infinite extent. The superposed “Schwarzschild BH +
disk” solutions were obtained via the application of the
DCR method (Section II) to seed solutions representing
N collinear Weyl rods [48], the extension of the corre-
sponding N -BH solution [49]. We remark that, by con-
sidering L1 6= 2m1 in the DCR procedure with λ = Z1
(Section III), we obtain annular disks around an arbitrary
Weyl rod.
Although we considered only the N = 3 case for pre-
sentation purposes, the procedure of constructing razor-
thin disks around Schwarzschild BHs via multihole seeds
allows for an arbitrary (but finite) number of Weyl rods in
the seed spacetime, generating an infinite family of razor-
thin disks around Schwarzschild BHs. The formalism can
also be extended to more general seed spacetimes consti-
tuted of a BH plus an arbitrary axially symmetric source,
such as for instance an additional Schwarzschild BH sup-
ported by an Appell ring [60] or a line source of variable
density [13] below the Schwarzschild BH. The crucial step
of the method, which gives us a central Schwarzschild
BH, is to choose the DCR parameter λ in such a way that
the corresponding hypersurface ‘cuts in half’ the highest
Schwazrschild rod (in Weyl coordinates), as depicted in
Fig. 1.
The stability analysis of the disk presented here takes
into account only the linear stability of the corresponding
circular geodesics, since we interpret these disks as be-
ing composed of counterrotating dust [26]. The disks are
vertically [22] and radially [53] stable according to this
approximation. However, the disk fluid elements may not
follow geodesics, since the disk has azimuthal pressure;
this pressure must be taken into account in the stability
analysis of the fluid [24]. A complete treatment would
involve the linearised conservation laws for small pertur-
bations to the disk fluid quantities (density and pressure)
such as in [16, 61, 62]. This kind of analysis is beyond
the scope of the present work.
We also obtained extremally charged dust disks around
extremal R-N BHs as another application of the method.
We may then extend our results to (neutral or charged)
disks around R-N BHs with arbitrary charge-to-mass ra-
tio, following for instance the seed solution of [63]. An-
other possibility is to construct stationary disks around
Kerr BHs via the multihole DCR method presented here,
for instance from the double-Kerr solution [64]. These is-
sues are left for future work.
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